If H (3) is an hypergraph uniform of rank 3, an H (3)
Introduction
Let K (3) v = (X, E) be the complete hypergraph, uniform of rank 3, defined in a vertex set X = {x 1 , x 2 , ..., x v }. This means that E = P 3 (X), the collection of all the 3-subsets of X. Let H (3) be a subhypergraph of K
v . An H (3) -decomposition of K (3) v is a pair Σ = (X, B), where B is a partition of the edge set P 3 (X) of K (3) v into subsets all of which yield subhypergraphs all isomorphic to H (3) . An H (3) -decomposition Σ = (X, B) of K
v is also called an H (3) -design of order v and the classes of the partition B of P 3 (X) are said to be the blocks of Σ [1] [6] . An H (3) -design of order v is said balanced if all its vertices have the same degree, i.e. the number of blocks of containing a same vertex is a constant; it is said cyclic if admits an automorphism consisting of a single cycle of lenght v. If ϕ is such a automorphism, we will say that ϕ is a cyclic automorphism. In what follows, P (3) (1, 5) will be the path-hypergraph having five vertices x, y 1 , y 2 , y 3 , y 4 and edges {x, y 1 , y 2 }, {x, y 3 , y 4 }. We will indicate such an hypergraph by [y 1 , y 2 , (x), y 3 , y 4 ]. The spectrum of P (3) (1, 5)-designs has been determined, with other many results about H (3) -designs, in [6] . In this paper we give some double constructions to obtain balanced P (3) (1, 5)-designs of order v, which can be cyclic or also non-cyclic, starting from balanced P (3) (1, 5)-designs of order v/2. Observe that, in the literature, balanced H-designs are almost always constructed by the difference method, which produces of course balanced H-designs, which are also cyclic. We will see that the Construction described in Sections 5. and 6. produces balanced P (3) (1, 5)-designs which can be cyclic, but also non-cyclic. In References some papers containing results about G-designs are cited.
Main Definitions
It is known that a P (3) (1, 5)-design Σ = (X, B) of order v, briefly a P (3) (1, 5)(v)-design, exists if and only if: v ≡ 0 mod 2, or v ≡ 1 mod 4, v ≥ 5 (see [7] ). Further, it is |B| = v(v − 1)(v − 2)/12. Let H (3) be an hypergraph uniform of rank 3, with n vertices. An H (3) -design Σ = (X, B) is said balanced if the degree d(x) of any vertex x ∈ X is a constant. Observe that if H (3) is regular, then the correspondent H (3) -designs are all balanced, hence the notion of balanced H (3) -design becomes meaningful only for a non-regular hypergraph H (3) .
, having the blocks:
. We can verify that Σ is balanced. Indeed, every vertex x ∈ X has degree d(x) = 5. If Σ=(X, B), then we can verify that Σ is a P (3) (1, 5)-design of order v = 6. Further we can see that the vertex x = 0 has degree d(x) = 5, while the vertex y = 1 has degree d(y) = 8. Therefore, Σ it is not a balanced design. We will see that there are no P (3) (1, 5)-design of order v = 6 can be balanced.
Necessary conditions of existence
In this section we determine the spectrum of balanced 
;
Proof. Let Σ = (X, B) be a balanced P (3) (1, 5)-design of order v. For every vertex x ∈ X, the degree of x: d(x) = D. Considering that the number of positions that a vertex can occupy in a block of Σ is five, it follows:
Further, since every vertex is contained in
triples of X, it follows that:
. Hence:
, which completes the proof.
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Proof. The statement follows from Theorem 3.1, considering that the number (v − 1)(v − 2) must be a multiple of 3 · 4 and
In what follows, given a balanced P (3) (1, 5)-design Σ, we will always indicate by C and L respectively the constant degrees C x and L x of the vertices x of Σ.
1-Factorizations of K v
Let K v be the complete graph defined in X. We recall that there exists an 1-factorization F = {F 1 , F 2 , ..., F v−1 } of K v on X, or simply of X, in the 1-factors F 1 , F 2 , ..., F v−1 , if and only if v is even. Instead, if v is odd, v = 2k + 1, there exists a partition F * of the edge-set of K v into 2k+1 classes F 1 , F 2 , ..., F v , such that every class contains k pairwise disjoint edges and, for every x i ∈ X, i = 1, 2, ..., v, the vertex-set of F i is X −{x i }. In what follows, we will continue to call the partition
In this section we determine a construction which permits to construct a balanced P (3) (1, 5)-design of order 2v, starting from a given balanced P (3) (1, 5)-design of order v = 12k + 1.
Observe that, since both systems are balanced and have the same order, in both system all the vertices has
.., G 12k+1 } be a 1-factorization of the complete graph K v defined in X 2 (in both cases observe that v is an odd number). If X 1 = {x 1 , x 2 , ..., x 12k+1 }, with less of generality we can indicate by x i the vertex which is missing in F i , for every i = 1, 2, ..., 12k + 1.
At this point, since all the 1-factors F i ∈ F, i = 1, 2, ..., 12k + 1, have cardinality 6k (in every 1-factor there are 12k vertices and, therefore, 6k pairs), it is possible to define in every F i a partition C i = {C i,1 , C i,2 , ..., C i,3k }, where the classes C i,j ={{x i,j,1 , x i,j,2 }, {x i,j,3 , x i,j,4 }}, for j = 1, 2, ..., 3k, have all cardinality two. Similarly, all the 1-factors G i ∈ G, i = 1, 2, ..., 12k +1, have cardinality 6k and it is possible to define in every G i a partition
where the classes D i,j = {{y i,j,1 , y i,j,2 }, {y i,j,3 , y i,j,4 }}, for j = 1, 2, ..., 3k, have all cardinality two.
For every partition C i , i = 1, 2, ..., 12k + 1, define the family Γ (X,Y ) of P (3) (1, 5)s as follows:
where every i = 1, 2, .., 12k + 1, j = 1, 2.., 3k. Similarly, for every partition D i , i = 1, 2, ..., 12k+1, define the family Γ (Y,X) of P (3) (1, 5)s as follows:
, and Σ = (X ∪ Y, B), we can verify that Σ is a balanced P (3) (1, 5)-design of order v = 24k + 2. Indeed: -1) About the order, it is easy to see that |X ∪ Y | = 2k + 2.
-2) About the blocks, observe that: -2.1) the family B 1 contains blocks formed by triples all contained in X, without repetitions; -2.2) the family B 2 contains blocks formed by triples all contained in Y , without repetitions; -2.3) the family Γ (X,Y ) contains blocks formed by triples having exactly one vertex in X and two vertices in Y , without repetitions; -2.4) the family Γ (Y,X) contains blocks formed by triples having exactly one vertex in Y and two vertices in X, without repetitions. Therefore, if we fix two vertices of X ∪Y , we can verify that there exist exactly one block of B containing them and this proves that Σ is a P (3) (1, 5)-design. -3) For the balance, it is sufficient to prove that every vertex has central degree C = 2k(24k + 1). Therefore, consider a vertex z ∈ X ∪ Y . If z ∈ X, since Σ 1 is balanced, z occupies the central position in exactly k(12k − 1) blocks of B 1 . Further, z in a central vertex in exactly 3k(12k + 1) blocks of Γ (X,Y ) . Hence: C = k(12k − 1) + 3k(12k + 1) = ... = 2k(24k + 1). If z ∈ Y , there is (of course) a symmetrical situation and an analogous result. At last, we observe that the two starting systems Σ 1 , Σ 2 are embedded n Σ. 2
Construction v = 12k + 5 −→ 2v
In this section we give a construction v → 2v for balanced P (3) (1, 5)-designs of order v = 12k + 5. Proof. Let Σ 1 = (X, B 1 ), Σ 2 = (Y, B 2 ) be two balanced P (3) (1, 5)-designs of order v = 12k + 1, such that X ∩ Y = ∅. Observe that in both the systems the vertices have central degree C = (3k + 1)(4k + 1), and lateral degree L = 4(3k + 1)(4k + 1). Therefore, consider two 1-factorizations of K v defined in X = {x 1 , x 2 , ..., x 12k+5 } and Y = {y 1 , y 2 , ..., y 12k+5 } respectively:
Observed that all the 1-factors F i ∈ F and G i ∈ G, i = 1, 2, ..., 12k + 5, have cardinality 6k + 2, it is possible to define in every F i a partition C i = {C i,1 , C i,2 , ..., C i,3k+1 }, in classes C i,j of cardinality two, for j = 1, 2, ..., 3k + 1. Similarly, it is possible to define in every
Defined the partitions C u and D u , for u = 1, 2, ..., 12k + 5, we can consider the families Γ (X,Y ) and Γ (Y,X) such that i = 1, 2, .., 12k + 5, j = 1, 2.., 3k + 1:
(1, 5)-designs
In this section we see the existence of non isomorphic P (3) (1, 5)-designs of order v = 13 and v = 17. This result will be useful in the next sections. Proof. Consider the following P (3) (1, 5)s path-hypergraphs, defined in V = Z 13 and which we will consider as base-blocks: If B and C are respectively the collections of all the translates of the blocks B i , C i , for every i = 1, 2, ..., 11, we can verify that Σ 1 = (V, B) and Σ 2 = (V, C) are two balanced, and also cyclic, P (3) (1, 5)-designs of order v = 13.
We can see that they are not isomorphic. Indeed, we can see that in Σ 1 there are the four vertices 1, 2, 3, 4 inV which form three blocks with 0, having always 0 in the center and all the edges of the complete graph K 4 , defined in {1, 2, 3, 4}, in the lateral positions. In other words, in Σ 1 there are three blocks defined on the same five vertices, one of which occupies always the center. This does not happen in Σ 2 . Therefore, Σ 1 and Σ 2 cannot be isomorphic. 8 Non-cyclic balanced P
Often, in the literature, balanced H-designs are constructed by the difference method, which produces of course balanced H-designs, which are also cyclic. In this section, we will see that the construction described in Sections 5. and 6. produces balanced P (3) (1, 5)-designs which can be cyclic, but also non-cyclic. Proof. Let Σ 1 = (X, B 1 ), Σ 2 = (Y, B 2 ) be two balanced P (3) (1, 5)-designs of order v = 12k+1 or v = 12k+5, such that X ∩Y = ∅, and let Σ = (X ∪Y, B) be a P (3) (1, 5)-design obtained by Construction v → 2v described in Th.5.1,6.1. Suppose that Σ 1 and Σ 2 are NOT isomorphic between them.
Consider Σ cyclic and let ϕ : X ∪ Y −→ X ∪ Y be a cyclic automorphism of Σ. Necessarily, there exists a vertex x ∈ X such that ϕ(x) = y ∈ Y . We prove that:
(A) For all the vertices x ∈ X such that ϕ(x) = y ∈ Y , it is: ϕ(ϕ(x)) ∈ X.
Indeed, consider such a vertex x ∈ X and let x = x 1 , ϕ(x) = y = y 1 ∈ Y and suppose that ϕ(y 1 ) = y 2 ∈ Y . If we consider all the blocks [a, b, (x 1 ), c, d] ∈ Γ(X, Y ), among them there are the following v − 1 blocks:
. Under the action of the automorphism ϕ, these blocks become all contained in B 2 . Indeed, since in them, always, x 1 occupies the central position and y 1 a lateral position, in the correspondent blocks the central position is always occupy by y 1 and a lateral position is always occupied by y 2 . Therefore, the correspondent blocks are all contained in B 2 and are all blocks of Σ 2 . But this is not possible, because in Σ 2 there are exactly v − 2 blocks containing the pair {y 1 , y 2 }, with y 1 in the center.
Of course, similarly, it is possible to prove that:
(B) For all the vertices y ∈ Y such that ϕ(y) = x ∈ X, it is: ϕ(ϕ(y)) ∈ Y .
If X = {x 1 , x 2 , ..., x v }, Y = {y 1 , y 2 , ..., y v }, from (A) and (B) it follows that:
(C) For every cyclic automorphism ϕ of Σ, it is: ϕ(x 1 ) = y 1 , ϕ(x 2 ) = y 2 , ..., ϕ(x v ) = y v ; ϕ(y 1 ) = x 2 , ..., ϕ(y v−1 ) = x v , ϕ(y v ) = x 1 .
The Proposition (C) implies that every cyclic automorphism changes Σ 1 into Σ 2 and Σ 2 into Σ 1 : therefore, Σ 1 and Σ 2 must be isomorphic among them.
In conclusion, a necessary condition to obtain a cyclic system Σ, by Construction v → 2v, for v = 12k + 1 or v = 12k + 5, is that Σ 1 and Σ 2 are two isomorphic systems.
It follows that, if we start from two NOT isomorphic systems Σ 1 and Σ 2 and apply that Construction v → 2v, we obtain systems Σ non-cyclic. In Section 7, we have seen that the existence of balanced non-isomorphic P (3) (1, 5)-designs it is possible since v = 11 and v = 17.
